https://www.linkedin.com/feed/update/urn:li:activity:6635914108917043200
Find all real solutions of the following system of equations x;x; + 1 = 4x»,
xax3 + 1 = x3,x3x%4 + 1 = 4xq, ..., X2019X2020 + 1 = 4x2020 , X2020x1 + 1 = x1.
Solution by Arkady Alt, San Jose, California, USA.
We will solve the original problem in following more general version:
For any natural m > 2 find all real solutions of the following system of equations
X2k=1X2k + 1= 4X2k,k = l,2,...,m
(1) XuXom1 +1 =X,k =1,2,....om—1 .
XomX1 +1 =x1

X2k = h(XQk,l),k = 1,2,...,"’1
1

We have (1)< Xoer1 = flxw ),k =1,2,...,m—1 ,where i(x) := pp—

X1 :h(x2m)
N | ; _ 1 _x-4 _,_ 1
fx) = 1_xandsmcef(h(x))— 1 x3 =1 -3 then (1)<
4-x
X =1-—L k=12, . m-1,x =1-—1
2) X2-1—3 Xom-1—3
Xop = 4, =1,2,....m

4 — X241

Denoting #; := xa-1 — 3,k = 1,2,...,m we can equivalently rewrite the system (2) as

o1 =—2-L k=1,2,... .om—1,4, =—2--L
ty tm

) 1
Xok-1 = L+ 3, Xok = k=1,2,....m

4 — X241
defined by ¢t = ¢t # 0,t,11 = -2 — %,n e N.

Pn _

o= 1,2,..., and

< Pn+l + 2pn +Pn-1 = 0=

Consider a sequence (t,)

neN
Letp, =titr...t,,n e Nandpy = 1.Thenp, =1t, t, =

- o1 Pl _ 5 Pn-l
thy = —2 0 becomes Dy 2 o
Pnil ¥ Ppn = _(pn +pn—l),n e N & Pl ¥ Pn = (—1)"(191 +p0) = (—l)n(t+ 1),1’1 eN <=
DPn+l Pn Pn Po
— = +1+1 < = +n(t+1)=—-1+n(+1) =
(_1) (_l)n—l (—1)"_1 (_1)0_1 ( ) ( )
nt+n—1,n € N. Hence, p, = (-<1)"'(nt+n—1),n € N and, therefore,

_ Pn _ _ nt+n—1 N
D= T T a-an—2"

Coming back to the system (3) (since t; = -2 — % = tm+1) WE Obtain

e = mt+m—-1)t+((m+1)t+m)=0=mt+1)" =0 = 1t=-1

ter ==2- L k=12, m-1
Since t = —1 is fixed point of -2 — % then k =

Y
tH =-2 .

t1 =t =...=t, =-1and, therefore, Xl =X3 =..= Xom] = 2,X2 = X4 =...= Xop = %
is only solution of the system (1) .



